The behavior of strong-field ionization rates of neutral atoms in the vicinity of multiphoton ionization thresholds is analyzed using formal collision theory. Our approach, which accounts nonperturbatively for effects of an intense laser field, shows that the ionization rates have a nearly constant behavior below and above each multiphoton threshold and that between such thresholds there are an apparently finite number of rapid oscillations due to resonances with laser-field-modified Rydberg states. This pattern is typical for any atomic target, as we illustrate specifically for hydrogen and neon atoms. The flat behavior of the ionization yield near multiphoton thresholds gives the appearance of an energy shift of the ionization thresholds, which have been postulated in a number of recent studies concerning diverse aspects of above-threshold ionization and high-harmonic generation of atoms. The flat behaviors of the rates near threshold exhibit only a rather weak dependence on the laser-field intensity. Other aspects of the near-threshold behavior of ionization rates and their dependence on the laser-field parameters are also discussed.
I. INTRODUCTION
A variety of processes in contemporary atomic and molecular physics (such as, e.g., electron impact excitation and ionization processes, cold atom collision processes, recombination processes, multiphoton ionization processes, etc.) have been studied intensively in the context of threshold laws [1] . While our focus in this paper is on threshold ionization of atoms in intense laser fields, we stress the universality of such threshold laws. In general, they define the energy dependence of the yield of a process in the vicinity of its threshold energy. A detailed theoretical description in the near-threshold region is often difficult, owing to the many intermediate states of interacting particles that must be taken into account. Threshold laws are particularly useful because they require only limited knowledge of the system in order to provide full information of the near-threshold energy behavior of the respective yields.
Theoretical analyses of the role of threshold laws in abovethreshold detachment (ATD) by strong laser fields have been carried out in many works [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . While threshold effects in ATD are very well understood and confirmed by numerous calculations [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , similar recent studies devoted to abovethreshold ionization (ATI) or to high-harmonic generation (HHG) (a competing process) reach different conclusions (see, e.g., Refs. [14] [15] [16] ). Thus, a main objective of this paper is to present a detailed analysis of the threshold behavior of multiphoton ionization with an emphasis on the role played by the intense laser field.
Note that our analysis is particularly relevant to experimental observations of striking ATI plateau enhancements for rare-gas atoms [2, [17] [18] [19] [20] [21] , i.e., that small changes in laser intensity can result in an order of magnitude increase of ATI electrons having a range of energies at the lower end of the ATI plateau. These experiments have stimulated a number of theoretical efforts aimed at identifying the origin of this effect. Especially intriguing was the discovery that similar enhancements are observed in the ATD process, in which atomic negative ions, instead of neutral atoms, are detached by a laser field [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Based on model calculations employing zero-and finite-range potentials, it was realized that the aforementioned enhancements stem from the behaviors of detachment yields at multiphoton thresholds, which are consistent with predictions of the Wigner threshold law [22] . In accordance with this law, it was demonstrated that the ATD plateau enhancements are sensitive to the initial state symmetry, with the most pronounced enhancements occurring for an initial state having s or p symmetry in the case of evenor odd-photon channel closings, respectively [6] [7] [8] [9] . This was also supported by calculations of photoelectron fixed-angle energy spectra and angular distributions near the channel closings [13] .
Although the threshold behavior of ATD spectra is very well understood owing to a large number of investigations of ATD plateau enhancements [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , a consistent interpretation of the threshold behavior of ATI and HHG processes for neutral atoms is far less firmly established. In the latter case, one must account for the role of the attractive Coulomb potential, including especially the Rydberg series converging to each multiphoton ionization threshold. In contrast to zero-and short-range potentials, which have a well-separated ionization continuum, the continuum in the case of a Coulomb potential is significantly modified by the laser-field-dressed Rydberg levels converging to it. This has been noted in a number of papers (see, e.g., Refs. [3, 4, [14] [15] [16] 23, 24] ), nearly all of which put forth the idea of an effectively shifted ionization threshold [3, 4, 15, 16, 23, 24] . In most of these works (cf. Refs. [3, 4, 15, 16, 24] ) ad hoc physical arguments rather than detailed analytical explanations have been given for such a shift. In Ref. [23] the shift is related to the finite duration of the laser pulse; however, this explanation is not relevant to calculations or experiments involving long (monochromatic) laser pulses. In this paper we analyze the threshold behavior of multiphoton ionization rates from first principles for the case of an intense, monochromatic laser field.
In the context of this work, it is essential to stress that a very thorough analysis of the ionization spectra of neutral atoms treated in the so-called single-active electron (SAE) approximation has been performed in a series of papers by Potvliege and Shakeshaft [25] [26] [27] [28] [29] [30] [31] [32] . These papers present very detailed analyses of resonances that are induced when the atomic ground state and some excited states are shifted into multiphoton resonances by an intense laser field. As discussed later on, the results presented in this paper and those of Refs. [23, [25] [26] [27] [28] [29] [30] [31] [32] show the generality of the predicted effects. This paper is organized as follows. In Sec. II, we give a brief introduction of the quasistationary Floquet approach, which allows the treatment of time-periodic problems in quantum mechanics. In Sec. III, we present a theoretical description of threshold behavior in multiphoton ionization, taking into account an attractive Coulomb interaction in the final state. Our focus is on the role of the laser field, which is crucial for formation of an effective ionization threshold. In Sec. IV, numerical results for strong-field ionization of hydrogen and neon atoms are presented. In Sec. V, the respective yields are interpreted using the threshold law derived in Sec. III. In particular, we discuss the structure of the ionization spectra (Sec. V A), the energy shift of the ionization threshold (Secs. V B and V C), and the parity dependence of the ionization signal (Sec. V D). We summarize our results and discuss our conclusions in Sec. VI.
II. FLOQUET THEORY
We begin with a brief description of Floquet theory, which is a theoretical method that is useful when solving the time-dependent Schrödinger equation in the presence of a monochromatic laser field. In this case, the Hamiltonian H (t) that describes the coupling of an atom to an external laser field F (t) can be written in the dipole velocity gauge as
where H 0 is the atomic Hamiltonian in the single-active electron approximation,
where W (r) is the atomic potential (specified later on), and A(t) is the vector potential describing the laser field A(t) = A 0ε sin ωt, where A 0 = −cF 0 /ω. Here and throughout this paper, atomic units (a.u.) are used unless otherwise stated. Based on the periodicity of the Hamiltonian H (t) = H (t + 2π/ω), we represent the quasistationary state of the system by the so-called Floquet ansatz [25] ,
with E being the quasienergy of the system and φ (N) E (r) the corresponding harmonic wave function. In Eq. (3), N is interpreted as the net number of photons absorbed by the atom from the laser field. Substituting the above ansatz into the time-dependent Schrödinger equation, we find that the harmonics φ (N) E (r) satisfy the system of coupled equations,
where V ± are the Fourier coefficients of the dipole operator,
and where U p = F 2 0 /4ω 2 is the ponderomotive energy of the electron moving in the laser field. When solving the system of equations (4) , appropriate boundary conditions for harmonics φ (N) E (r) must be enforced. The harmonics must be regular at small distances from the atomic center (r ∼ 0), whereas at large distances (r → ∞) they must satisfy the Siegert boundary conditions,
where k N is the wave number,
These boundary conditions cannot be satisfied unless the quasienergy is complex. Thus,
where E 0 is the initial energy level of the active electron, is its ac Stark shift, and is its total detachment rate (for further details, see Refs. [8, 9, 13, [25] [26] [27] [28] [29] [30] [31] [32] ). Note that for fixed parameters of the laser field, the amount of energy that has to be delivered in order to ionize a laser-dressed atom must be at least E min = −Re E + U p . This defines the minimum number of laser photons that are necessary to ionize the system
. If the number of absorbed laser photons is such that N N 0 , or, equivalently Re E + Nω − U p 0, the N-photon ionization channel is open; otherwise, the N -photon channel is closed. For open channels one has outgoing spherical waves (6), while for closed channels one has exponentially damped waves. In actual computations [33] , the infinite system of Eqs. (4) with boundary conditions (6) is solved by expanding the harmonic components on a discrete basis of complex radial Sturmian functions and spherical harmonics (after truncation of the number of basis functions). The numerical results are obtained by solving the resulting eigenvalue problem for the quasienergies and their associated Floquet states. Note that by changing the laser-field intensity (or the laser-field frequency) we can scan through the N 0 -photon channel closing. This capability allows one to monitor the near-threshold behavior of the ionization rates, which we analyze next.
III. NEAR-THRESHOLD BEHAVIOR OF MULTIPHOTON IONIZATION RATES
A number of interesting properties concerning the energy dependence of cross sections near a reaction threshold can be derived using standard collision theory methods (see, for instance, Refs. [34, 35] ). As we have noted previously [8] , these methods are difficult to develop for processes in a laser field, such as detachment or ionization, which is the main topic of our interest, since photons cannot be described by a wave function in position space. Thus in Ref. [8] we developed a formalism that allowed us to investigate the near-threshold behavior of detachment rates by using a stationary approach based on 053410-2 R-matrix theory [36, 37] . We have shown in [8] that in the case of short-range potentials the (N + s)-detachment rates near the N-photon threshold exhibit Wigner-Baz' cusps [22, 38] . In the following, we reformulate this theory to account for multiphoton ionization of neutral atoms when an attractive Coulomb potential in the final state must be taken into account.
In our approach [8] , instead of introducing explicitly the initial state for the bound electron in the presence of a laser field, which leads to the Floquet equations (4) for the complex quasienergy, we introduce a source term S N (r) that is responsible for the outgoing flux in the open channels, thus mimicking their coupling with the initial state. This approach, even though not mathematically rigorous, allows us to treat the problem as quasistationary. The harmonic components of the Floquet state φ (N) E (r) thus satisfy the infinite set of coupled equations,
where S N (r) is the above-mentioned source term. The configuration space is divided into two regions, inside and outside a sphere of radius r 0 , where r 0 is such that outside the sphere only the Coulomb force is assumed to act between the ionized electron and its parent ion. These assumptions are equivalent to those of R-matrix theory [34] and can be realized in the acceleration gauge provided r 0 > α 0 [39, 40] , where α 0 = √ I /ω 2 is the amplitude of electron quiver motion in the laser field.
A system of equations similar to (9), but homogeneous, was analyzed by Giusti-Suzor and Zoller [39] from the point of view of multichannel quantum defect theory (MQDT) [41, 42] . For analysis of the threshold behavior we use a somewhat different, but equivalent, R-matrix method. A key point for the threshold analysis is that the electromagnetic interaction creates a dipole coupling between nondegenerate channels, decaying as 1/r 2 , and a quadrupole coupling between degenerate channels, decaying as 1/r 3 [39] . This makes the diagonal Coulomb interaction −1/r dominant in each channel, and this interaction controls the threshold behavior of the ionization cross sections. Note that the stronger the laser field, the narrower the range of validity of the threshold laws (including the above-threshold Rydberg series). Thus, although determined by the Coulomb interaction, the threshold laws are strongly influenced by the laser field.
Consider now M channels with energies E + Nω − U p , where N = 1,2,...,M. The solution to Eq. (9) inside the Rmatrix sphere can be represented in its most general form as [8] 
Here, φ
is the solution vector with components φ (N) E (N = 1,...,M), u is the solution matrix of the homogeneous equations with rows corresponding to different channels and columns corresponding to different linearly independent solutions, f is a column vector comprising particular solutions of the inhomogeneous equations (9) , and A is a vector of arbitrary coefficients. Both f and u are determined by boundary conditions at the origin that are independent of energy; therefore they can be considered as entire functions of E. Outside the R-matrix sphere there are only outgoing waves in open channels, and exponentially decaying solutions in closed channels, so that the solution vector is given by
where O is a diagonal matrix of outgoing solutions and T is a column vector defining their amplitudes. For an attractive Coulomb field the components of O have the following asymptotic form:
where v N = k N is the electron velocity in the N th channel, η N = −1/k N , and η N,l is the Coulomb phase, η N,l = arg (l + 1 + iη N ). The normalization of the solution O N in Eq. (12) corresponds to unit flux density in the outgoing channel. These solutions are appropriate for an atomic potential such that W (r) ∼ −1/r at large distances from the atomic center, as is the case for the H and Ne atoms treated in Sec. IV. The vector T in Eq. (11) comprises the ionization amplitudes T N that determine the N -photon ionization rates, where the differential rate dw N in the directionr is given by
where l and m are the electron angular momentum and its projection in the N th channel. Upon matching the inner φ E (r) wave functions and their derivatives at r = r 0 , the vector of ionization amplitudes is given by
where
In order to study the threshold behaviors of the ionization rates, we need now to exploit the analytic properties of the matrix elements O as a function of the channel energy k 2 N /2 [see Eq. (7)] in a way similar to that of our previous studies on multiphoton detachment [8] .
For ionization in the presence of the long-range Coulomb potential outside of the R-matrix sphere, the general solution O N can be written as a linear combination of regular and irregular Coulomb functions, with asymptotic behavior as given in Eq. (12) . Specifically, one can write [35] 
where ξ l (kr) and ρ l (kr) are real analytic functions of kr, where k and l are the linear and angular momenta in the N th channel, and C l ≡ C l (k) is a function of l and k such that
where η = −k −1 . Substituting (16) into (14) gives
Note that on the right side of Eq. (16), we have omitted the subscripts N in order to simplify the notation. In Eq. (19), C l k l+1/2 and C 2 l k 2l+1 are diagonal matrices in which l and k take appropriate values in each channel N. The vector T in Eq. (19) reduces to that for multiphoton detachment [cf. Eq. (30) of Ref. [8] ] upon neglecting C l and introducing appropriate changes in the definitions of M (20) and g (21) . As in that case, we treat both the matrix M and the vector g as analytic functions of energy.
Let us analyze the behavior of the (N + s)-photon ionization rate at the N -photon ionization threshold. For simplicity, we denote the N-photon channel as channel number 1, and the (N + s)-photon channel as channel 2. Near the N -photon channel threshold, k 2 1 is small but can be either positive or negative [cf. Eq. (7)]. In particular, for k 2 1 > 0 the Nphoton ionization channel is open; hence the intensity is below that which closes the N -photon threshold. For k 2 1 < 0, the situation is reversed. In the following, we consider channel closings in the direction of increasing laser-field intensity. Thus we refer to the case when the N-photon threshold is approached "from below" for k 2 1 > 0 and "from above" for k 2 1 < 0. With increasing laser-field intensity, the ponderomotive energy U p increases, thus motivating one to analyze the behavior of multiphoton ionization rates when passing through a channel closing. With this in mind, we derive from Eq. (19) the ionization amplitude in the ith channel (i = 1,2):
where j = 2(1) when i = 1(2) and where
Using (22) we can analyze the energy variations of the ionization rates in both channels in the limit that k 2 1 is small. For this purpose, we introduce a new variable,
In addition, we note that |T 1 | 2 = 0 above the N-photon threshold. According to Eq. (13), Eq. (24) determines the threshold behavior of the partial ionization rates in the ith channel.
Consider first the case when the ponderomotive shift U p decreases such that the N -photon ionization threshold is approached from above. In this case, k 2 1 → 0 − , and so we define k 1 = iκ, which means also that η 1 = i/κ. Based on Eqs. (17) and (18), one can show that in the limit that κ → 0,
The threshold behavior in the (N + s)-photon channel is therefore governed by
where for completeness we also specify the coefficients:
One sees from Eqs. (26) and (27) that the rate for ionization in the (N + s)-photon channel is trivial if a = b = 0, which is equivalent to the condition that g 1 = g 2 = 0. This means that there is no coupling with the initial channel, and so there is no laser field driving ionization. Above the N -photon channel closing, the (N + s)-photon ionization rate exhibits an oscillatory behavior, governed by the function ϕ(κ) ≡ | (26)], which is illustrated in Fig. 1 for arbitrarily chosen coefficients a,b,α,β (that are specified in the figure caption). The function ϕ(κ) is maximal (minimal) for argument values κ = κ
in which we have introduced the parameter δ, defined by
and where m is an integer such that κ
in which we have replaced |Im(− these oscillations do not change with κ, as κ decreases or, in other words, as the laser-field intensity I decreases. However, the frequency of these oscillations in the ionization rates in the (N + s)-photon channel increases when approaching the N-photon threshold from above. These oscillations reflect the fact that the (N + s)-photon ionization channel interacts with successive N -photon Rydberg state resonances as the laserfield intensity decreases. These Coulomb field resonances become more stable against ionization when approaching the threshold, as their width drops to zero. Thus, resonances with infinitely many Rydberg states should be observed when decreasing the ponderomotive shift toward the threshold. As we illustrate later on, however, this expectation is not realized in our results. The reason is that the above-threshold oscillations in the ionization signal shown in Fig. 1 can be strongly suppressed by the factor s 2 [cf. Eq. (26)], which depends on the orbital angular momentum l 2 and energy k 2 in the (N + s)-photon channel. We analyze this behavior of s 2 in Sec. V.
Below the N -photon channel threshold, when k 2 1 → 0 + , s 1 tends to a nonzero constant. This follows from the definition of the matrix coefficients (17) and (18) when analyzed in the respective limit; specifically,
while s 2 is smooth across the threshold (cf. Sec. V). In this case, we conclude from Eq. (24) that both the N-photon and (N + s)-photon ionization rates are finite and constant with respect to the electron energy in the closing channel. In particular, we find that the (N + s)-photon ionization rate below the N-photon threshold behaves as
with the coefficients a, b, α, and β defined by Eqs. (27) and (28) . Comparing Eq. (26) for κ → 0 with Eq. (33), we see that the ionization rate into the higher (N + s)-photon channel exhibits a jump at the N -photon threshold. In scattering this is also the case [35, 37] . Moreover, it was proved in Refs. [35, 37] that, when averaged over oscillations, the scattering cross sections for each of the channels that are open below the threshold of a closed channel show downward steps at the threshold (beyond which the closed channel becomes open). These steps are such that the total scattering cross section becomes continuous across this threshold [35, 37] . In order to calculate the oscillation-averaged ionization rate in the (N + s)-photon channel above the N -photon threshold, it is enough to calculate this average over one branch of cot(π/κ) [cf. Eq. (26)]. To do so, we introduce the new variable x = cot(π/κ) and perform the integration over x from −∞ to +∞ using the residue theorem, closing the integration contour in the upper half-plane. The poles enclosed by this integration contour are at x = i and x = − α β , since in our case Im(− α β ) > 0. Calculating the residues at each of the poles, we obtain the following oscillation-averaged ionization rate in the (N + s)-photon open channel above the closed N -photon channel:
It follows from this equation that the oscillation-averaged partial ionization rate |T 2 | 2 for an (N + s)-ionization channel exhibits, in general, an upward step when crossing the Nphoton threshold as the laser-field intensity increases and closes the N -photon ionization channel. This agrees with the collision theory predictions [35, 37] , and may be related to the experimentally observed ATI plateau enhancements in rare-gas atoms [2, [17] [18] [19] [20] [21] . Specifically, when one partial cross section becomes closed, the remaining open partial cross sections increase so that the total cross section is continuous. Since the partial cross sections that become closed typically have much greater magnitudes than the open partial cross sections on the ATI plateau, it should not be surprising that increases of the latter may be quite large. Numerical analyses of strong-field detachment of negative ions indeed found that at the intensity at which the ATD enhancement occurs, the portion of the partial cross sections in higher photon detachment channels (that belong to the low-and mid-energy part of the rescattering plateau) increase tremendously. Even though we have no access to numerical data on partial ionization rates for neutral atoms, our analytical analysis is applicable for any (N + s)-photon channel, including the direct and rescattering parts of the ATI amplitude. Below, we discuss the consequences of the threshold behaviors predicted by our general analysis for various properties of ATI spectra. It follows from Eqs. (26) and (30) that the partial ionization rates in the open channels vary rapidly if cot( 
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Consider 1 1, the N -photon ionization rate below its threshold is small. In addition, it follows from Eqs. (26), (27) , (28) , and (33) that the (N + s)-photon ionization rates above and below the N -photon threshold have nearly the same value,
, which is constant with respect to the electron energy in the closing channel. Therefore, in order to observe pronounced oscillations of the partial ionization rates in higher photon channels (as found numerically in results of Refs. [25, 26, [28] [29] [30] [31] [32] 
is a nonzero complex number in the limit c 1 → 0. Hence, one deduces that the second term in Eq. (34) is proportional to the coefficient c 1 and consequently decreases with decreasing c 1 . We conclude, therefore, that when the active electron, after absorbing N laser photons, attains a moderately large orbital angular momentum, only a very small jump in the resonanceaveraged partial ionization rates of higher (N + s)-photon channels should be observed at the closing of the N -photon threshold, in agreement with the discussion in the previous paragraph. Consequently, essentially no enhancement of the ATI energy spectrum should be observed if the orbital angular momentum l 1 in the closing channel is high. From Eq. (29), one sees that such an enhancement would be most pronounced for those N-photon channels that result in an s or a p electron in the final state, for which c 1 is largest. This threshold-related feature should be observed in general for any atomic target [so long as the single-active electron approximation is valid], thus proving analytically that the experimentally observed ATI enhancements are a single electron effect, in agreement with the numerical findings of solutions of the time-dependent Schrödinger equation carried out in the SAE approximation that confirmed the experimental observations [19, 20, 43, 44] .
One can anticipate that all features concerning the nearthreshold behavior of partial ionization rates, which we have discussed above, will be reflected in the total ionization rate. This is investigated next in Sec. IV, where we present our numerical results for ionization of H and Ne atoms.
IV. IONIZATION OF H AND NE
Consider first the ionization of a hydrogen atom by a monochromatic, linearly polarized laser field with λ = 1000 nm (ω = 0.0456 a.u.). For a weak laser field, at least 11 photons are needed for ionization to occur. However, the minimum number of photons required for ionization increases 
with increasing laser-field intensity (or with decreasing laserfield frequency). Thus, by varying the laser-field intensity, we pass through sequential channel closings. In Fig. 2 , we present the total ionization rate = −2 Im E, as a function of the laser-field intensity I , traversing the 13th, 14th, 15th, 16th, and 17th photon thresholds, as marked in the figure. We observe four distinct series of peaks, shown in more detail in Fig. 3 .
Consider next the ionization of a neon atom, which in contrast to hydrogen with its s-valence electron, has a p-valence electron. We describe neon within the SAE approximation, using the model potential of Tong and Lin [45] , W (r) = − Z c + a 1 e −a 2 r + a 3 re −a 4 r + a 5 e −a 6 r r .
Here, Z c = 1 is the charge seen by the active electron at large distances from the nucleus, and the coefficients a i (i = 1,...,6) have been fitted to a numerical potential obtained from density functional theory. From Ref. [45] , a 1 = 8.069, a 2 = 2.148, a 3 = −3.570, a 4 = 1.986, a 5 = 0.931, and a 6 = 0.602. For this model potential, the calculated binding energy of the ground p state is E 0 = −0.793 a.u., which is in very good agreement with the experimental value.
The total rate for ionization of the neon atom, described by the model potential (35) , by linearly polarized, 800 nm light (ω = 0.057 a.u.) is shown in Fig. 4 . For a weak 800 nm laser field, at least 14 photons are necessary to ionize the neon atom. This number increases every time the ponderomotive energy increases by approximately the energy of one laser photon. The total ionization rate is calculated for a range of laser-field intensities such that we pass through the 16th, 17th, 18th, 19th, and 20th photon thresholds. We mark these multiphoton thresholds by the vertical solid lines in Fig. 4 .
Comparing the results for hydrogen (Fig. 2) and neon (Fig. 4) , we observe very similar behaviors of the ionization rates over an energy range corresponding to one photon energy. Specifically, a threefold pattern in the energy dependence of the total ionization rates is observed in each case. First, below each ionization threshold the total ionization rate is constant or changes very slowly with intensity [e.g., cf. region "C" in Fig. 3(a) ]. Well above each ionization threshold one observes a series of sharp (high-frequency) oscillations corresponding to resonances with dressed excited states [e.g., cf. region "B" in Fig. 3(a) ]. However, instead of an infinite number of resonant oscillations, one observes only a finite number. In addition, their heights tend to vanish as one approaches the next threshold from above, thus saturating before the threshold is attained [e.g., cf. region "A" in Fig. 3(a) ]. In the remainder of this paper, we analyze this threshold-related behavior of strong-field ionization and provide explanations for the numerically calculated structures.
V. ANALYSIS AND DISCUSSION
In this section we provide a detailed analysis of the structural patterns observed in our calculated ionization rates shown in Figs. 2-4 . These patterns appear to be quite general features for both s-valence electron atoms (H) and p-valence electron atoms (Ne), at least when ionization is treated within the single-active electron approach used throughout this paper. In particular, the threefold pattern of ionization spectra was also observed in the numerical results of Ref. [23] for ionization by a weak pulsed laser field and in Refs. [31, 32] for ionization by an intense monochromatic laser field, thus both confirming our findings and indicating the robustness of this pattern in ATI spectra. While the focus of our analysis is on the structural patterns of the ionization spectra, our analysis also sheds light on the concept of an effective ionization threshold as well as on the influence of the initial state parity of the active electron.
A. The threefold spectral pattern
To make our analysis more systematic, we focus on Fig. 3 in each of whose panels we present the total ionization yield over the range of laser-field intensities between the N-and the (N + 1)-photon thresholds, i.e., over which the ponderomotive potential changes by approximately the energy of one photon. The total ionization yields traverse three distinct regions as the ponderomotive shift changes, shifting the ground state into resonance with different atomic levels. The structural formations in the total ionization yield spectra depend largely on the orbital angular momenta of the resonant levels. Going in the direction of increasing laser-field intensity, one observes three regions: "A" the total ionization rate passes through the N -photon threshold smoothly, remaining nearly flat or at most slowly increasing; "B" the ionization rate exhibits very pronounced oscillatory behavior; and "C" it shows a broad hilly structure, which then becomes flat again before the (N + 1)-photon threshold is reached. These regions are marked in panel (a) of Fig. 3 . In the following, we give a general explanation of the origin of these three distinct structural regions.
Region of resonances with broad, low-energy excited states
The broad structures in region "C" originate from N -photon resonances with the lowest possible nl excited states. Excited states having low principal quantum number n are shifted most by the laser field. Moreover, low l states (l = 0,...,n − 1) are less stable against ionization. In a laser field, these states acquire widths that grow with increasing laser-field strength. Eventually, they begin to overlap, forming a broad quasicontinuum, which is similar to the ones proposed by Faria et al. [4] and by Frolov et al. [15] , as we discuss later. Thus, the broad structures that we see in region "C" are the fingerprints of an isolated quasicontinuum formed by low-energy excited states. At the same time, we observe a pronounced increase of the total ionization rate for odd symmetry states in the closing channels. This can be seen particularly well for hydrogen in Fig. 3 : While in panels (a) and (c) we observe a pronounced steplike feature in region "C" following an odd-photon channel closing, this feature is less pronounced in panels (b) and (d) following an even-photon channel closing. As the laser intensity increases, this resonant structure disappears and the total ionization rate becomes constant below the (N + 1)-photon threshold, in agreement with the predictions of Sec. III.
Region of resonances with narrow, high-energy excited states
The pronounced oscillatory structures appearing in region "B" originate from resonances with higher-energy excited nl states, including, in particular, higher l states than those contributing to the structures in region "C." Resonances with these more stable states results in rapid oscillations in the ionization yield as the intensity decreases, as predicted in Sec. III. Moreover, the positions of these resonances are shifted less by the laser field owing to the fact that the energy shift of excited states, when dressed by the laser field, decreases with increasing n. Consequently, the resonances observed in region "B" are similar to those of the field-free Coulomb spectrum.
By way of illustration, consider the resonances between the 15th and the 16th photon thresholds in ionization of hydrogen by a 1 µm laser field [ Fig. 3(c) ]. The 15th photon threshold is closed at a laser intensity of I th = 5.319 × 10 13 W/cm 2 , in which case the corresponding quasienergy is E(I th ) = (−0.50178744 − 1.3083087 × 10 −6 i) a.u. One sees in Fig. 3(c) three pronounced resonances above this channel closing as the laser-field intensity increases. In Table I , we give the values of the quasienergies corresponding to these three resonances and the intensities at which they occur. According to an MQDT analysis [39] , the ac Stark shift for high n decreases as n −3 . Assuming therefore that high nl states do not shift with respect to the threshold energy, we can set the difference of the Stark shift and the ponderomotive potential energies equal to the excited state energy, E n * = −1/2n * 2 , so that
Based on this equation, the principal quantum number n labeling the Rydberg state that undergoes the 15-photon resonance with the 1s state can be estimated; these estimates are given in Table I . In fact, there we give two values: the principal quantum number n and the effective quantum number n * , where n * is obtained from Eq. (36) and n = [n * ] + 1. The difference between the two indicates that the positions of the resonances are shifted with respect to the pure Coulomb resonances, as predicted in Sec. III, i.e., the Rydberg states are dressed by the laser field, and so the difference of n * from n accounts for this effect. The dressing by the laser field is particularly noticeable for lower-energy excited states. Indeed, Table I that the lower the value of n, the larger the difference n − n * , so that the lower n is, the greater the shift away from the 15-photon threshold, as has been shown also in Refs. [31, 32] . This may also indicate that the broad double-peak structure appearing at higher intensity is due to the resonances with the next lower excited states, having principal quantum numbers n = 5 and n = 4, whereas resonances with the still lower-lying excited states (n = 3 and n = 2) are not observed before the 16th photon threshold is reached.
Smooth region in which high angular momentum resonances are suppressed
As one approaches the N -photon threshold, one enters region "A," which is characterized by a rather flat dependence of the total ionization rate on the laser-field intensity. In principle, in this region one should observe resonances with even higher-energy Rydberg states than in region "B." This is not the case, however. The numerical results in Figs. 2 and 3, as well as those of Table I, show that the heights of the resonant spikes vanish with increasing principal quantum number n of the resonant Rydberg states. As mentioned in Sec. III, the oscillatory behavior of the ionization rate in the (N + s)-photon channel above the N-photon threshold can be efficiently suppressed by the factor s 2 . Note that for a fixed (N + s)-photon channel with a fixed orbital angular momentum l 2 , s 2 remains nearly flat across the N-photon threshold. This is illustrated in Fig. 5 for ionization of hydrogen over a range of laser-field intensities in the vicinity of the 14th photon channel closing. A very similar behavior of s 2 is observed at other channel closings for hydrogen, as well as for neon. Basically, s 2 decreases abruptly with increasing orbital angular momentum l 2 in the open channel, so that for large orbital angular momentum l 2 in the open channels, the Rydberg resonances should be suppressed. Since large 
because Rydberg states nl with lower orbital angular momenta l and large n are rapidly ionized), this seems to be a contributing factor to the flat behavior of the ionization yield above the threshold.
With regard to such suppression of the Rydberg resonances, it was suggested in Refs. [23, 32] that both the resonant excitation amplitudes for 1s-nl transitions and the ionization amplitudes from nl resonant states decrease rapidly with increasing principal quantum number n. A second possibility mentioned in [32] is that since the resonant intensity decreases with increasing n, a smaller ionization rate should be observed when going through resonances with higher n Rydberg states. However, from Table I one observes that the laser-field intensity varies by only a tiny fraction over the region of the Rydberg resonances. It thus seems unlikely that such a small variation of the laser-field intensity causes the heights of the resonant peaks to vanish abruptly with increasing n. The first set of reasons thus appears more likely. To illustrate this, recall that in the case under consideration in Sec. V A2 the resonant spikes are due to 15-photon resonant 1s → nl transitions. It is well known that the single-photon oscillator strengths for these transitions decrease with n as n −3 [39] . Thus one may expect to observe a similar power law for the ground-state multiphoton ionization rate at a resonance with the nth excited state. Our rough estimates show reasonably good agreement with the n −3 law. In fact, the agreement is reasonably good for resonances above the odd-photon thresholds in the case of hydrogen. For resonances above the even-photon thresholds the agreement with the n −3 law is worse. Thus, in addition to n suppression, which seems to describe well the ionization spectra for weak laser fields (i.e., when the ac Stark shift is negligible [23] ), for strong laser fields we also find evidence for s 2 suppression [i.e., suppression of the dominant resonant peaks corresponding to resonances with high l Rydberg states (cf. also [31, 32] )]. In the case of neon, the relative agreement of the ionization rates with the n −3 law above the even-and odd-photon thresholds is reversed from the tendency found for H. In general, we find a distinct dependence of our results on the parity of the transition, which will be discussed later.
B. Present analysis of an effective threshold
Within the SAE approximation, the threefold pattern in the total ionization rate spectrum seems to be a general property of the spectrum of any atom (cf. the results in Sec. IV and in Refs. [31, 32] ). Its origin for ionization by intense laser fields has been explained in Sec. V A. We emphasize here the most intriguing feature of this pattern: that the resonance regions in the total ionization rate spectrum are shifted with respect to the corresponding thresholds. As explained in Sec. V A, this shift results from interaction of the laser field with high-energy Rydberg levels. We show below that over the range of laserfield intensities considered in Figs. 2-4 , the extent of the shift for both H and Ne varies only very slowly with intensity.
A key feature of the ionization rate spectra shown in Figs. 2-4 (as well as in the theoretical and experimental results in Refs. [31, 32] ) is that the first resonance following each multiphoton threshold occurs quite far above the threshold, i.e., for a laser-field intensity significantly higher than the threshold intensity. One may thus conclude that the dressed Coulomb potential acts as if the ionization threshold is effectively shifted to lower energies so as to support only a finite number of bound states. For this reason the ionization spectra show only a finite number of Rydberg resonances.
Our calculations for ionization of H by a 1000 nm laser field show that the threshold energy shift is near resonance with the n = 9 excited energy level, over the range of intensities considered in Figs. 2 and 3 , which corresponds to a range of the Keldysh parameter, γ = |E 0 |/2U p , that varies between 0.95 and 1.71, which is in the multiphoton regime. We estimate that the energy shift varies between 13% and 14% of the photon energy. In the case of Ne ionized by an 800 nm laser field, the energy shift reaches resonance with the Rydberg state having the principal quantum number n = 12. This gives an energy shift of approximately 6%-7% of the photon energy for the intensity range shown in Fig. 4 . In this case, 1.01 < γ < 1.90, which also corresponds to the multiphoton regime. Our results are confirmed by calculations of Shakeshaft and Potvliege [31, 32] who considered ionization of H. For a 616 nm laser field, the range of intensities considered in [31, 32] was such that 1.26 < γ < 4.38, i.e., in the multiphoton regime, and the effective threshold reached resonance with the n = 9 Rydberg states. Results for a near-infrared 1064 nm laser field were also given in [31, 32] , with 1.47 < γ < 3.60. Rydberg resonances with n up to 8 were observed. This suggests a threshold energy shift of ≈ 0.008 a.u.
C. Prior analyses of an effective threshold
Different arguments and interpretations are given in the literature to explain the threshold shift that is observed in both multiphoton ionization and high-harmonic generation processes. Those arguments, some of which are reviewed below, lead to various estimates for the energy shift. For convenience, we summarize some of these estimates in Table II .
Proposals for introducing an effective ionization potential when describing strong-field processes have been put forth previously in the context of explaining the resonantlike enhancements of strong-field ATI spectra that have been observed to occur when only small changes are made in the laser-field intensity [2, [17] [18] [19] [20] [21] . By analyzing threshold phenomena for the case of a finite-range potential, similar enhancement effects were obtained in ATD spectra [2, 3, 5] . Such approaches found enhancements also when studying the intensity and/or wavelength dependence of high-harmonic spectra at channel closings [2] [3] [4] 15, 46, 47] . These successes in reproducing resonantlike enhancements in strong-field processes for the case of a short-range potential suggested that for neutral atoms, a reduced effective ionization potentialẼ 0 should be introduced, instead of E 0 , the basic idea being that in a strong laser field, high-lying energy levels are distorted such that they form an effective continuum that begins lower in energy as compared to the true continuum [2] [3] [4] 15] . A variety of ways to estimate the magnitude of the ionization threshold shift have been proposed. Some authors propose that one should examine the field-free Rydberg spectrum of an atom and, if there are gaps in the spectra, to choose the effective threshold as beginning at the energy of the onset of the gap between Rydberg levels that lies closest to the field-free threshold [2, 3] . Others propose that the ionization potential shift should equal the energyẼ 0 of the Rydberg state whose radius is closest to the excursion amplitude α 0 of the active electron in the laser field [4] . Still others propose to lower the ionization threshold to the energy at which the widths of neighboring Rydberg levels in the laser field become comparable to the distance between the field-free Rydberg state energies [15] .
Even though the idea of an effective continuum threshold is appealing and physically understandable, in all of these studies the respective energy shift has been overestimated. For this reason, a different interpretation of this energy shift has been proposed in Ref. [16] , in which it is related to the effect of the Coulomb potential on the motion of rescattered photoelectrons. The necessity of reducing the ionization potential in the case when the active electron in a strong laser field experiences an attractive Coulomb field has been noted by others (see, e.g., Refs. [23, 24] ), although not in the context of channel-closing effects on ATI spectra, which is the focus of the references we have cited above [2] [3] [4] 15, 16] .
In summary, there are ambiguities regarding both the physical origin of a shift of the ionization potential of an atom in an intense laser field and its magnitude. By analyzing the threshold behavior of ionization rates in the presence of a laser field, we have shown in Secs. V A3 and V B that the nearly flat part of the ionization spectrum originating from the interaction of the laser field with high-energy Rydberg states mimics an energy shift of the ionization threshold. Furthermore, the magnitude of this shift has only a weak dependence on the laser-field intensity, in agreement with the prediction of Ref. [16] .
Based on the analysis of the threshold behavior of ATI spectra in the multiphoton regime presented in Sec. III, none of the other explanations appear to be valid (at least in the multiphoton regime) since they assume that high Rydberg states are rapidly ionized. The dominant interaction controlling the threshold behavior is the diagonal Coulomb potential, since the electromagnetic coupling does not affect the threshold features, particularly the near-threshold Rydberg series in the ionization rates [23] . The physics behind this is clear: An electron in a highly excited Rydberg state with an orbital period that is large compared to the period of the laser field, is located predominantly at large distances from the nucleus, where the electromagnetic coupling is weak. This contrasts with the case of a Rydberg electron in a static electric field, whereby the ionization rate grows rapidly with n. In a laser field, however, the electromagnetic coupling to highly excited Rydberg states drops very fast with n. Moreover, the amplitude of oscillations stemming from a Rydberg series also decreases rapidly with n, and becomes unnoticeable above a certain value of n. In particular, Gratl et al. [23] observed a rapid decrease in the oscillation amplitude of Rydberg levels for laser fields in which the ac Stark shifts were negligible. They also found that these oscillations can be suppressed due to the finite duration of a laser pulse. In the present investigation the laser pulse is infinitely long, so that the only reason for such oscillation suppression is the decreasing electromagnetic coupling to higher Rydberg states (and, specifically, to those Rydberg states with high orbital angular momenta).
D. Parity effects on the spectra
As noted above, the ionization rates show a very pronounced parity dependence. This is particularly noticeable in the spectrum of hydrogen (cf. Fig. 3 ), involving the ionization of an s-valence electron. In this case, the resonant structures in region "B" that follow the closing of an odd-photon threshold A second parity selection rule applies to region "C" of the ionization spectra: There is a sharp rise of the total ionization rate above the closing of an N -photon threshold for laser intensities above the resonance region when the resonance states have odd parity, whereas there is no sharp rise when the resonance states have even parity. This second selection rule may be observed in the spectra of both the H atom and the Ne atom. For H, see. Figs. 3(a) and 3(c) . For Ne, see the spectra beyond the resonance region above the closing of the N = 16 and N = 18 thresholds in Fig. 4 .
The physical reasons for these two observed parity selection rules remain speculative. However, one can adduce some relevant physical facts. First, we note that the states in the lowest open channel above the closed N -photon channel [i.e., the states of the (N + 1)-photon channel, which contributes most to the total ionization signal] are even-parity states for those N -photon channels having odd-parity resonances. These even-parity continuum states most likely overlap with the ionic atomic core more than the odd-parity continuum states. Perhaps this greater overlap results in wider intermediate (N -photon) state resonant structures.
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Second, we note that analyses of ionization rates near multiphoton thresholds in the case of negative atomic ions also found effects related to the parity of the active electron [5] [6] [7] [8] [9] 13] . It was demonstrated that one can observe these parity effects in the enhanced ionization signal for both hydrogen (s-valence electron) and fluorine (p-valence electron) negative ions [5] [6] [7] [8] [9] 13] when channels corresponding to the absorption of an even or an odd number of laser photons are closing, respectively. This has been interpreted as a manifestation of the Wigner threshold law [22] for ionization from short-range potentials. In what way these parity effects in the spectra of negative ion detachment processes may be related to the parity effects observed in this paper for ATI of neutral atoms, however, remains unclear.
VI. SUMMARY AND CONCLUSIONS
In this paper we have presented a theory for the nearthreshold behavior of above-threshold ionization rates with an emphasis on the role of the laser field. This theory is illustrated by numerical results for ionization of hydrogen and neon atoms (in the multiphoton regime). Motivation for this work stems from recent widespread interest devoted to the threshold behavior of above-threshold ionization or high-harmonic generation processes, with a focus on a downward shift of the ionization potential (see, for instance, Refs. [3, 4, 15, 16, 24] ).
We show in this paper that in a strong laser field the total ionization rates for neutral atoms exhibit a typical threefold pattern over the range of intensities whereby the ponderomotive shift changes by the energy of one photon. We interpret this pattern as due to the coupling of the laser field with atomic levels that have high, moderate, and low orbital angular momenta (going in the direction of increasing laser-field intensity). The most intriguing feature of the ionization rates is their nonoscillatory behavior above the threshold, which is consistent with the idea of an effectively lowered ionization continuum. We attribute this flattened region of the ATI spectrum (having the appearance of a lowered ionization potential) to the rapid decrease of the laser-field interaction with high n Rydberg states, especially those having high orbital angular momenta. We find that this flattened spectrum (giving the appearance of an apparent shift of the threshold) depends on the laser field and is a universal feature observable in the ATI spectrum of any atomic target.
Beyond the flat region of the ATI spectrum above the closing of an N -photon threshold, we attribute the observed oscillatory structures to resonances with those excited Rydberg states that have moderate orbital angular momenta. These structures exhibit a clear dependence on the parity of the active electron: wide peaks for the odd-parity states in the closing N-photon channels, and narrow peaks for closing channels having evenparity states. This parity selection rule is a general feature of the oscillatory structures above the ionization thresholds for both atomic systems (i.e., H and Ne) for which we have presented results, which have, respectively, s-and p-valence electrons. A second feature of the ATI spectra also satisfies a parity selection rule for laser intensities corresponding to spectra above the resonance region. Namely, the total ionization rate exhibits a pronounced upward step for the odd-parity states in the closing channels, but not nearly so pronounced for the case of even-parity states.
Finally, we note that the results of this paper and in Refs. [31, 32] show a profound agreement of the numerical multiphoton Sturmian-Floquet calculations and the analytical predictions presented here based on collision theory for the case of an attractive Coulomb potential. We have shown that both the apparent ionization potential shift and the structure of the observed Rydberg resonances are threshold-related effects, and that the laser-field coupling plays a crucial role in their formation. More detailed features of ionization rates such as the energy shifts of Rydberg resonances and selection rules for their dependence on the parity of the active electron have also been presented and discussed.
